We study probability distribution of a steady state of a periodically driven system coupled to a thermal bath by using a quantum master equation in the weak coupling limit. It is proved that, even when the external field is strong, the probability distribution is independent of the detailed nature of the thermal bath under the conditions: (i) the Hamiltonian of the relevant system is bounded and the period of the driving field is short, (ii) the Hamiltonians for the driving field at different times commute, and (iii) the Hamiltonians of the driving field and of the interaction between the relevant system and the thermal bath commute. It is shown that the steady state is described by the Gibbs distribution of the Floquet states of the relevant system at the temperature of the thermal bath.
Quantum systems under a periodic driving field exhibit many interesting phenomena. For instance, when an atom resonates with an electromagnetic field, Rabi oscillation appears. For specific values of the field amplitude and frequency, quantum tunneling is totally suppressed, which is known as the coherent destruction of tunneling (CDT) [1, 2] . The time evolution of a periodically driven quantum system is described by the Floquet theorem. These various characteristic phenomena of the driven systems are understood from the viewpoint of eigenvalues of the Floquet operator [1, 3, 4] .
It is an unsolved issue how the steady state of the system subject to the periodic driving and the dissipation is characterized. In the weak-coupling limit between the system of interest and the thermal bath, it is shown that the dynamics of the relevant system can be described as a process of transitions among the Floquet states [5] [6] [7] [8] [9] . Therefore, the driven steady state is characterized by the probability distribution among the Floquet states. In the case without driving field, the system relaxes to the Gibbs distribution, which is independent of the details of the thermal bath except for its temperature. The detailed balance condition for the transition probabilities between the energy eigenstates ensures this insensitivity to the structures of the thermal bath. On the other hand, under the driving field, the transition probabilities between the Floquet states do not satisfy the detailed balance condition in general and the probability distribution among the Floquet states in a driven steady state may depend on the thermal bath [10] .
In this Letter it is pointed out that under some conditions the driven steady state of the relevant system is described by the Gibbs distribution of the Floquet states, which is called the Floquet-Gibbs state here, and hence the driven steady state is independent of the details of the thermal bath. We consider two situations. One is the driven system in the linear response regime. It was pointed out that the driven steady state is almost independent of the details of the thermal bath in earlier works, see for example [11] . The other situation is that the driving field has a very high frequency and very large amplitude beyond the linear-response regime.
We study the dynamics by using the quantum master equation for the periodically driven system. Here, we overview it to explain the notation for the following discussion. The Hamiltonian of the total system is given by H(t) = H S (t) + H B + λH I , where H S (t) and H B are the Hamiltonians of the relevant system and the thermal bath, respectively, and H I represents the interaction between them. The coupling strength of the interaction Hamiltonian is denoted by λ. The Hamiltonian of the relevant sfeystem is given by
where H ex (t) stands for the driving field with period T and A denotes the amplitude of the driving field. Without loss of generality, we assume that T 0 H ex (t)dt = 0. The interaction Hamiltonian H I is in the form µ X µ Y µ where X µ and Y µ are the operators on the relevant system and the thermal bath, respectively.
In the weak coupling limit (λ → 0), the master equation of the Born-Markov type for the reduced density operator ρ S (t) is given by [12] [13] [14] [15] 
Here,
The angular bracket · · · β is the average over the canonical distribution of H B at the inverse temperature β. The dependence on the thermal bath fully comes from the time correlation functions Y µ (τ )Y ν β . We introduce its Fourier transform,
The form of the function S µ,ν (ǫ) depends on the bath operators H B and {Y µ }. It satisfies the Kubo-MartinSchwinger (KMS) relation [16] , S µ,ν (ǫ) = S ν,µ (−ǫ)e βǫ , which holds independently of the details of the thermal bath. This relation plays a role to thermalize the relevant system in the case without the driving external field, H ex (t) = 0. In other words, the KMS relation leads to the detailed balance condition at least in O(λ 2 ),
where E p is the eigenenergy of H 0 . Because Eq. (2) is described by the Hamiltonian with a periodic field, it is convenient to write the equation in the basis of the Floquet states of the relevant system, |u p (t) = U (t, 0)e iǫpt/h |u p (0) , where |u p (0) is the eigenstate of the time evolution operator over one period,
Here, the quesienergy ǫ p is chosen to lie in the region −πh/T ≤ ǫ p < πh/T . The Floquet state thus defined is periodic, |u p (t) = |u p (t + T ) . Matrix elements of the density operator in the basis of the Floquet states are denoted by ρ S,pq (t) = u p (t)| ρ S (t) |u q (t) . We assume the non-resonance con-
′h /T with some integers m and m
Then the time evolution of the diagonal elements and the off-diagonal elements are decoupled if we neglect the oscillating terms (the rotating wave approximation). The diagonal elements obey the equation,
where P p→q is the transition probability from |u p (t) to |u q (t) . Off-diagonal elements obey dρ S,pq (t)/dt = −Γ pq ρ S,pq (t), where Γ pq is a complex quantity and ReΓ pq > 0. Hence, the off-diagonal elements go to zero in the long time limit and the driven steady state is described by a diagonal matrix,
where P p = lim t→∞ ρ S,pp (t). Since the Floquet state is periodic, the steady state also has the same periodicity, [5, 7] . Now, we study distribution of the steady state {P p }. For this, we need concrete forms of the transition probabilities which are given by Eq. (2):
where
and
Under the periodic driving, the relation similar to the detailed balance condition does not hold in general for the transition probabilities among the Floquet states due to the sum of m in Eq. (7) [10] . In general, the driven steady state depends on the details of the thermal bath S µ,ν (ǫ).
However if only one term of m in Eq. (7) denoted by m pq gives a dominant contribution, and furthermore m pq is given by m p − m q , the detailed balance condition is satisfied,
The introduction of the integer m p for each Floquet state allows us to assign "energy" E p = ǫ p + 2πm ph /T , and construct the "Floquet Hamiltonian"
The driven steady state is then expressed by the Floquet-Gibbs state, ρ s.s. (t) ∝ e −βHF(t) , which does not depend on the structures of the thermal bath. We shall show that the above situation occurs in some physically relevant cases.
First, we study the linear response regime where the strength of the driving field is weak A ≪ 1, and confirm that, up to the first order of A, the probability distribution of the steady state is independent of the details of the thermal bath. Since the system is weakly driven, the Floquet state is expanded by the eigenstate of H 0 , H 0 |φ p = E p |φ p . By using a perturbation method [3] , the Floquet state is given by
We have assumed the condition for the perturbation method, |E p − E q + 2πnh/T | ≫ A max t | φ p | H ex (t) |φ q | for any set of (p, q, n) except p = q and n = 0. We then obtain X µ,pqn in Eq. (9) for n = m 
and for n = m 0 p − m 0 q , X µ,pqn = O(A). The transition probability P p→q is given by
An integer m 0 p is assigned for each Floquet state which indicates that the steady state is independent of the details of the thermal bath [32] . The KMS relation leads to the detailed balance condition,
If the ergodicity is satisfied in the limit A → 0, the driven steady state is given by ρ s.s (t) ∝ e −βHF(t) +O(A 2 ), where
, the driven steady state can be described by ρ s.
. Although the distribution of the driven steady state {P p } is the same as the equilibrium state in the order of A, the steady state is different from the equilibrium state because the Floquet state changes in this order.
Next, we consider the case of large A beyond the linear response regime. We show that the relevant system reaches the Floquet-Gibbs state under the following conditions: (i) the period of the driving field is short, δ ≡ H 0 T /h ≪ 1 (ii) for any pair of t 1 and t 2 , [H ex (t 1 ), H ex (t 2 )] = 0, and (iii) [H ex (t), H I ] = 0. It is noted that, because of the condition (i), the following argument is relevant for a relatively small system, in which H 0 is not so large. We first introduce the rotating frame. The state in the rotating frame |Ψ R (t) is related to a state in the static frame |Ψ(t) by a unitary transformation, |Ψ R (t) = e
AHex(τ )dτ /h |Ψ(t) . In this frame, the time evolution is governed by the Hamiltonian H R T (t) = H R (t) + λH I + H B . Here, H R (t) is given by
which is expanded into the Fourier series, H R (t) = mH R m e −2πimt/T because H R (t) is periodic due to the condition (ii). The interaction Hamiltonian H I does not change due to the condition (iii).
Because the norm of H R (t) does not depend on A, H R (t) consists of the rapidly oscillating terms with finite amplitude. We may have an intuitive picture that H R (t) is replaced by the time-averaged Hamiltonian over a period,
Since the total Hamiltonian H R T (t) is then replaced by the averaged one, H R 0 + λH I + H B , the steady state of the relevant system seems to be described by the Gibbs state ofH R 0 [33] . Now, we confirm the above picture. For this purpose, we introduce the Floquet state in the rotating frame |u R p (t) and its quasienergy ǫ R p associated with H R (t) which is related to those in the static frame by
Due to the condition (iii), |u p (t) is replaced by |u R p (t) in X µ,lmn (Eq. (9)). By definition,
which is expanded into the power-series of δ (Magnus expansion [17] ),
Here, δ is independent of A, which reflects the fact that the strength of the oscillating terms in the rotating frame is order of H 0 independent of A. We then obtain X µ,pqn , for n = 0,
and for n = 0,
. (20) The transition probability is then given by
For each Floquet state |u p (t) , an integer m p = 0 is assigned. The KMS relation leads to the detailed balance condition, P p→q e −βǫp = P q→p e −βǫq +O(δ 2 ). If the ergodicity is satisfied in the limit T → 0 with AT held fixed, the driven steady state is given by
where H F (t) = p ǫ p |u p (t) u p (t)| and Z is a normalization constant. In this way, under the conditions (i), (ii), and (iii), the driven steady state is described by the Floquet-Gibbs state. This result is consistent with the intuitive picture. Indeed, additionally assuming that H R (t) −H R 0 is much smaller than energy spacing ofH R 0 , we can show that
In that case, the driven steady state in the rotating frame is given by the equilibrium state of the averaged Hamiltonian, e We demonstrate the above property in a spin system (see in Fig. 1 (a) ) whose Hamiltonian is given by (23) where ω = 1, g = 0.2, and h = 0.01. Spins at the edge i = 1 and i = 5 are coupled to the independent thermal baths, respectively, which are at the same temperature, β = 10, and have the same form of S µ,µ (ǫ),
Here, ω C is a cutoff frequency, ω C = 5000, which is larger than the frequency of the driving field. The relevant system couples to the thermal bath via X 1 = k={x,y,z} α k S k 1 and X 5 = k={x,y,z} α k S k 5 , respectively. We study following two cases of driving field:
In both cases, the condition (ii) is satisfied. In the first case, the condition (iii) is satisfied only when α x = 0, α y = α z = 0, while in the second case, the condition (iii) is always satisfied because the spins under driving and the spins in contact with the thermal baths are separated.
As a measure of the difference between the driven steady state and the Floquet-Gibbs state, we calculate the deviation,
In Fig. 1(b) , we study the first case for various values of the ratio α y /α x . Here, we set α z = 0. For α y = 0, then [H ex (t), H I ] = 0, the driven steady state approaches the Floquet-Gibbs state as the period of the driving field is short and ∆Prob is proportional to T 2 (filled circle in figure) , which agrees with the result, Eq. (22) . When the ratio α y /α x increases, ∆Prob deviates from the T 2 dependence due to the violation of the condition (iii). In contrast, in the second case depicted in Fig. 1(c) , the driven steady state approaches the Floquet-Gibbs state with the T 2 dependences independently of the couplings. In summary, we gave the sufficient conditions under which a driven steady state can be described as the Floquet-Gibbs state even when the system goes beyond the linear response regime. This work reveals the applicability of the Floquet-Gibbs state to a steady state of a driven system surrounded by a thermal bath. In some condensed matter studies, it has been argued that the Floquet Hamiltonian H F (t) realizes new phases not accessible without driving field [18] [19] [20] [21] , see a review [22] . It is naively expected that the averaged HamiltonianH R 0 can be used for description of a system with a fast oscillating driving field regardless of whether the system is coupled to a thermal bath or not, but this argument is incorrect. When the system under a high-frequency driving field is coupled to a thermal bath, the steady state is not necessarily described by the Floquet-Gibbs state. Conditions (ii) and (iii) put a constraint on the applicability of the Floquet-Gibbs state. Especially, condition (iii) is not expected to be satisfied in general. In that case, the Floquet-Gibbs state is useless as demonstrated in Fig. 1 (b) . The Floquet-Gibbs state is relevant for the description of the driven steady state when the driven spins are different from the spins directly coupling to thermal baths, as in Fig. 1 (c) .
It is interesting to extend this study to less restrictive situations. It has been reported that even if the above conditions are not satisfied, there is a situation in which the concept of an effective temperature is useful for the description of the steady state [23] . It is also noted that the Floquet-Gibbs state is realized when the time dependence of the total system is completely removed by moving to a rotating frame [24] . Our theory is applicable only to a relatively small system due to the condition (i).
In recent studies, it is pointed out that a periodic driving field plays a role to change the macroscopic properties of materials: nonequilibrium phase transitions associated with CDT under the periodic driving [18, 19, 25] , a topological state induced by applying laser fields [20] and by exciting phonon modes [26, 27] , and so on [21, 28, 29] . In macroscopic systems, there appears an energy scale which matches the frequency of the driving [11] . The further study of this effect is necessary to extend our results.
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